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Frequency Effects of Electromagnetic Scattering
from Underdense Turbulent Plasmas

RICHARD L. SCHAPKER*
Avco Everett Research Laboratory, Everett, Mass.

Generalized relations are presented for the first and second moments of the scattered power
spectrum function, for underdense turbulent plasmas, in terms of the spatial distribution of
electron density and velocity fluctuations, and of mean velocity. The scattering model is
based on the far-field and first-Born approximations; retarded potential effects are neglected
through use of a time-smoothed autocorrelation function of the received electric field signal.
A form of the space-time autocorrelation function for electron density fluctuations is derived
that accounts for unequal velocity fluctuation components and electron molecular diffusivity
to first order. Specific application of the theory is made to axisymmetric, near-wake flows,
for which the molecular diffusivity effect on the spectrum function is negligible. In particu-
lar, the case of backscattering at small aspect angles is considered. Radial profiles of rms
electron density and logitudinal velocity fluctuations, as well as mean velocity, are used that
are based on available experimental data. Under the assumption that the spatial electron
density spectrum function is constant throughout the scattering volume, relatively simple
analytic expressions are arrived at for the first and second moments of the scattered power
spectrum function. Numerical results are presented for these moments, interpreted as
range rate (or Doppler mean wake velocity) and velocity standard deviation (or Doppler veloc-
ity spread). For conditions supported by available data, it is found that, to a first approxi-
mation, 1) range rate is equal to the difference between body velocity and mean wake velocity
averaged over a wake cross section, Ua9 and 2) velocity standard deviation is equal to the dif-
ference between the wake front velocity and t/0.

Nomenclature

A = complex amplitude function of received signal
a* = mean velocity radial distribution parameter
b = sum, Eq. (36)
bg = electron density and rms velocity fluctuation pro-

file parameters, q = e,r,0,x
Bq = ratio bq/a*
c = in vacuo speed of light
De = electron (scalar) molecular diffusivity
fejijq = dimensionless profile functions, Eqs. (59, 62)
Fi = functions defined by Eqs. (69), i = l,2,3,z
G = general function, Eq. (37)
Je,Ji,J2,Jq = profile form factors, Eqs. (60, 62)
K = scattering vector k* — ks, with components K/
K = magnitude of K
k;,ks = incident and scattered wave propagation vectors
k = magnitude of k; and ks
L = axial length of scattering volume
Mo,Mi,M2 = moments of spectrum function S
ne = electron density fluctuation
ne = electron density rms fluctuation level
Q = smoothed autocorrelation function of A; displace-

ment probability density
Re = pure space-autocorrelation function of electron

density fluctuations, Eq. (22)
Rf = mean wake radius
R = range rate, Eq. (71)
Rx = turbulent Reynolds number
S = scattered power spectrum function
S = integral operator, Eq. (26)
Se = Fourier transform of Re, Eq. (38)
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0 =
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coo
Aw

= area-averaged mean wake velocity, Eq. (74)
= mean velocity at wake edge
= rms velocity fluctuation component, j = 1,2,3 or j =

r,0,x
= component -&$ on wake axis
= mean wake velocity vector, relative to body
= real part of function A
= space coordinate vectors
= displacement vector
= imaginary part of A
= incident and scattered wave aspect angles, measured

from flight direction axis
= mean wake velocity difference, U/ — Uo
= jth component of particle displacement
= dimensionless radius, r/R/

azimuth angle
turbulent Schmidt or kinetic energy number, q = e,r,Q,x
velocity standard deviation, Eq. (71)
angle between incident and scattered wave planes
frequency shift relative to body frequency shift, Eq.

(15)
time lag
carrier frequency
standard deviation of frequency shifts, Eq. (13)

Subscripts
0 = axis value, for velocities and electron density
r = radial
x = axial
6 = tangential

1. Introduction

SCATTERING of electromagnetic waves from weakly
ionized, turbulent media has been the subject of theoreti-

cal and experimental investigations for a number of years.
The over-all objective of these investigations has been to relate
statistical properties of the scattered-wave field at a fixed
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receiver location to the random structural characteristics of
the dielectric scattering medium.

Early efforts along these lines were motivated by radar scat-
tering observations from regions of atmospheric turbulence.
Extending discrete scattering theory1 to the case of a con-
tinuously distributed field of dielectric fluctuations, Booker
and Gordon,2 and Booker,3 presented relations for the average
radar cross section of a slightly-ionized turbulent region in
terms of the electron density fluctuation level and power-spec-
trum distribution in wave number space. Inclusion of the
temporal structure of the scattering medium into the theory
was made by Silverman,4 using a simplified model for the
turbulence, which gave a relation between the received signal
statistics and the random vertical velocity component in
turbulent clouds.

More recently, attention has been given to the problem of
electromagnetic scattering from the turbulent, ionized trails
produced by bodies entering the atmosphere at hypersonic
speeds. Of particular interest in this connection are the mean
and fluctuating velocity structure of reentry wakes. Classi-
cal Doppler theory says that a discrete scatterer in motion
relative to a transmitter radiating coherent waves at a
(radian) frequency o>0 produces a frequency shift from co0 in
the return signal that is a direct measure of the relative
velocity. Since a turbulent wake is a region of continuously
distributed dielectric in more-or-less random motion relative
to a ground-fixed transmitter, one is thus led by analogy to
seek relationships between the scattered power frequency
spectrum and the turbulent wake velocity statistics.

The theoretical background for this problem has been pre-
sented by Lane.5 His analysis provides relations between the
scattered power frequency spectrum and the velocity struc-
ture of the wake for the case of isotropic velocity fluctuations.
In essence, his work shows that the mean velocity defect of
the wake is primarily responsible for an overall frequency
shift in the return signal spectrum when compared to the
vehicle frequency shift, whereas the velocity fluctuations are
the primary agent for producing a spread in the scattered
power spectrum about the frequency at which the peak occurs.

In practice, we are more interested in the frequency content
of the return signal as manifested by moments of the spec-
trum function, not the spectrum function itself. This ap-
proach to the turbulence statistics through moments of the
resultant scattered power spectrum is quite reasonable, since
the spectrum function is validly interpreted as an un-normal-
ized probability distribution of frequencies. At the present
time, practical limitations do not warrant consideration of
spectrum moments of higher order than the second.

The purpose of this paper is to present general relations for
the zeroth, first, and second moments of the scattered power
spectrum in terms of the velocity and electron density sta-
tistics of the turbulent medium. Extension of previous work
in this area will be in two directions. One direction will be
in a generalization of the space-time autocorrelation function
of electron density fluctuations to the case of nonequal veloc-
ity fluctuation components. The second direction will be to
use distributions for electron density and velocity fluctuations,
as well as mean velocity, which are based on experimental
data and are believed to represent improvements on distribu-
tions used in previous work.4-5

Specific application of the theory will be made to the case
of a cylindrical plasma configuration as representative of an
axisymmetric, turbulent wake. It will be shown that, in cer-
tain situations of practical interest, the final equations for the
first and second spectrum function moments are relatively
simple, algebraic expressions, even when allowance is made
for variations in electron density and velocity fluctuations,
and in mean velocity, across the wake.

Part 2 of this paper is devoted to a general discussion of the
theory and definitions relevant to the present approach. In
Part 3 is derived a space-time correlation function for scalar
quantities that applies to the problem treated herein. Part 4

combines the results and definitions of the previous two parts
to arrive at the general relations for the first and second mo-
ments of the power spectrum and for mean frequency shift
and frequency variance. In Part 5 the theory is applied to
wake flows, where radial profiles for the relevant turbulent
parameters are introduced. Part 6 presents numerical re-
sults for the case of backscattering at small aspect angles.

This paper is a shortened version of a report by the present
author, Ref. 6. The reader is referred to that report for de-
tails of derivations and other information, which have been
omitted because of space limitations.

2. Theory

The process under consideration is the scattering of a mono-
chromatic, plane electromagnetic wave from an underdense
turbulent plasma. The resultant electric field at a receiver
location consists of two parts, 1) a mean component, in
general slowly varying with respect to incident signal period,
which is caused by scattering from the mean electron density
distribution; and 2) a component, which oscillates rapidly
compared to the mean, due to scattering from the electron
density fluctuations. It is the latter component that contains
frequency information about the turbulent field, and to which
our attention is directed in what follows.

We denote by A(t) the return signal at a receiver station
which corresponds to the electric field component scattered
by the dielectric fluctuations. In general, this is a complex
quantity, which we can write as

A(t) = W(t) + iZ(t) (1)

where W and Z are real, continuous functions. A factor exp-
(icooO has been suppressed, since this is a modulation at the
carrier frequency containing no information about the tur-
bulence.

In practice, we often have at our disposal an ensemble of Ar

sample functions of the process A (t), the mth member of which
is Afam). This ensemble is generated, for example, by puls-
ing the transmitted signal. Thus, if the length of individual
samples (pulses) is 2T sec, each A (t;m) is defined experimen-
tally only within time intervals of 2T sec. To analyze the
information content of this ensemble in the time (or frequency)
domain, we form the ensemble average of lagged products at
the time t and t + r:

QA(t,t
I N

A(t

(2)

where asterisk denotes complex conjugate.
Just what information QA contains about the temporal or

frequency structure of the turbulence depends, of course, on
the relation between A and the scattering dielectric field. In
addition, there are many considerations of a practical nature
having to do with accuracy of the measurements themselves.
Examples of these are 1) frequency resolution of the sampling,
Aw/27r ~ ^T, and of the recording equipment, 2) the time
span over which the N samples are generated (and thus the
number of samples) compared to the time for significant
changes in the scattering-field statistics (changes in free-
stream conditions, geometrical situation of the body, atmo-
spheric disturbances, etc.), and 3) signal-to-noise levels of the
apparatus. A discussion of these aspects of the problem is
beyond the scope of this paper, and will not be pursued further
(see, for example, Refs. 5, 7-9).

For the present purpose of establishing a theoretical link
between the measurable statistics of A and those of the tur-
bulence, we assume that the sample length 2T is sufficiently
long, and that any other requirements are satisfied, to the
extent that QA can be written as the two-dimensional Fourier
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Fig. 1 Geometry of the wave propagation vectors.

transform of a spectrum function &i(coi,co2)10

QA(t,t + r) = f " f °° SXcoi,co2) X
/̂ —— CO,/ —— CO

(co2 — 2 (3)

In addition to ensemble averaging, we consider cases wherein
a smoothing operation is applied to individual samples. To
the same degree of approximation implied by Eq. (3) regard-
ing the sample length 2T, and since A(t) is continuous so that
smoothing and averaging are interchangeable, this can be
written formally as

Q(r) = lim —

where Q(r) is the smoothed autocorrelation function of the
(measured) process. Inserting Eq. (3) into this and reversing
the order of integration, one obtains10

/
CO

-
(5)

Thus, the smoothed autocorrelation function of the processs
A(t) is equal to the Fourier transform of the mass-point dis-
tribution of SA(a)i,<*)2) along the line coi = co2. It is precisely
this occupancy that contains all of the frequency information
relating to the turbulent field scattering.5 Therefore, in using
the smoothed autocorrelation function, Q(r), we need con-
sider only the single-frequency spectrum /S(co), defined as

S(co) = &L(«,«) (6)

Combining Eqs. (2-5) one has

Q(r) = (A(t + r)A*(0> = f °° S(co) exp(uor)dw (7)
J — co

The first equality of this relation is based on the assumption
of stationarity of the process A (t). For the pulse lengths and
ensemble sample gathering times used in most applications,
the statistics of the scattering field are constant in time to a
good approximation.

Scattering Model

The basic relationship between the process A(t) and the
turbulence is given by the far-field approximation to the re-
tarded-potential solution for the electromagnetic field.
Since the retarded potential contributes negligible occupancy
along the line coi = co2 in the coi,co2 plane, we omit retardation
effects. Assuming an underdense plasma and single-scatter-
ing (first Born approximation), we write3

= fv (8)
The coefficient of the integral, which is essentially the Thomp-
son crosssection for an electron, has been set equal to unity,
as we will be dealing with normalized moments of the spec-
trum function; the integration in Eq. (8) is carried out over
the volume V of the turbulence.

Our primary interest is evaluation of moments of the spec-
trum function, so we proceed directly to its general statement
via Eq. (7)

S(co) = - (A(t (9)

= fvfv (ne(x,t)ne(x}'t + r)) X
exp [iK • (x' - x

where

(A(t +
dV (10)

As found in previous works,4-5 the space-time autocorrela-
tion function of the electron density fluctuations holds the
key to evaluation of $(co) and its moments. Before deriving
a relation for this function, we present the moment defini-
tions.

Spectrum Function Moments

We note that in the case of a single point-scatter er, the fre-
quency shift in the return signal resulting from the relative
motion is unambiguously defined by the classical Doppler
shift relation. For the case of scattering from turbulent
media, the return signal contains a band of frequencies, and
it is not clear a priori that a one-to-one correspondence exists
between frequencies in some narrow band Aco and the velocity
amplitude which would produce that shift in the Doppler
sense. Neverthless, since measurements9 show that the scat-
tered power spectrum arises from a relatively narrow-band
process, one expects the central tendencies of the spectrum to
be closely tied to the velocity statistics of the turbulent field.

In order to define a mean frequency shift and frequency
variance (spread) in terms of the velocity field parameters in
a body-fixed coordinate system, we first note that the spec-
trum function $(co) is equal in magnitude to the spectrum
function of the observed signal, A(t) exp(ico00» but is shifted
to the left in frequency space by an amount COQ. Now the ob-
served spectrum has compact support in the vicinity of coo,
with moments defined in the frequency half-plane co > 0.
However, because $(co) is a shifted spectrum, it can have
values occurring in the negative as well as positive frequency
domains. Therefore, its moments are defined as

M.„ = f " co«£(co)dco « f °° co">S(co)dco(^ = 0,1,2) (11)
J -coo J - co

The lower limit — coo — >• —c/u, which practically is — oo for
all but relativistic fluctuation levels. $(co) is not an even
function, so all moments are, in general, nonzero. The mean
frequency, com, of $(co) is thus

f
J —

co£(co)dco =3 Mi/MQ

and the variance, or spread about cow, Aco2, is

(12)

Aco2 = M^1 (co - com)2S(co)dco = M2/M0 - (Mi/Mo)2

(13)

The reentering body produces a frequency shift from co0 of
magnitude

cofc = K-Uo. (14)

Hence, we can define a mean frequency shift co as the differ-
ence between the frequency shifts produced by the body and
wake fluid

CO = 006 — C0m = - MX/MO (15)

In effect, we have superimposed a velocity —jiUm (see Fig. 1)
onto the actual reentry situation, corresponding now to a co-
ordinate system wherein the body is stationary, with fluid ap-
proaching the body at a rate Um. Our goal in this analysis is
to determine the relations between co, Aco, and the wake tur-
bulence statistics.

3. Space-Time Autocorrelation Function

The work done to date on the space-time autocorrelation
function in turbulent flows has been concerned almost solely
with the spatio-temporal correlation structure of velocity
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fluctuations in low-speed grid and boundary-layer flows. In
a survey article on the subject, Favre11 has proposed an
analytic form for the autocorrelation coefficient of longitudi-
nal velocity fluctuations, and presents data which give satis-
factory support to the theoretical expression for the case of a
(homogeneous) grid flow. Lane5 has used Favre's expression
in a somewhat more general form as the basis of an investiga-
tion of frequency effects for electromagnetic scattering from
turbulent wakes.

We endeavor at this point to derive an expression for the
scalar space-time autocorrelation function, appropriate to
wake flows, which accounts for unequal velocity components
and molecular diffusivity. Let P(A,BpLA,XB,r)dAdB denote
the joint probability that some quantity lies between the
value A, A + dA at the point XA and time t, and between B,
B + dB at the point XB and time t + r. Under the assump-
tion that the flow is stationary, the joint probability is a func-
tion only of the time difference, r, as indicated. The space-
time correlation function is

(A(xA,t)B(xB,t + r)) = f 0 0 f 0 0 ABP(A,B;xA,xB,r)dAdB
J — <x>J — co

(16)

Let Q(AY;r)cPAY denote the probability that a fluid ele-
ment undergoes a displacement AF during the interval r.
For a fluid element to arrive at XB at the time t + r, it must
be at the point XB — AY at time t, hence,12

P(A,B;xA,xB,r) = f "
J — co

AY,0)Q(AY;r)d3AY (17)

Defining a displacement vector Y such that XB = XA + Y
+ AY, Eqs. (16) and (17) are combined and the integration
order reversed. The double integral over A and B is recog-
nized as the autocorrelation function of A and B correspond-
ing to zero time lag, i.e., the instantaneous spatial correlation.
Therefore, one obtains

(A(xA)t)B(xB,t + r)) = f " {A(xA)B(xA + Y)> X
J — oo

Q(xB -XA- Y;r)d3Y (18)

The crux of the problem lies in choosing a model for the
fluid-element displacement probability density appropriate to
shear flows. We note that Eq. (18) corresponds formally to
the problem of turbulent diffusion from a fixed point source.

Our choice of a displacement model must, of course, be con-
ditioned by the nature of the radar sampling process. In par-
ticular, one would expect that the spectrum function moments
are governed by the small-time statistical structure of the
turbulent field, i.e., the correlation time of the motion itself.
Here a distinction must be made between the instantaneous
spatial picture of the turbulence seen by the illuminating
electromagnetic wave, and the temporal structure that de-
termines frequency content of the return signal. The spatial
configuration of the medium is sampled at a wavelength de-
termined by the scattering vector K, whereas the temporal (or
frequency) structure within a volume element can contribute
a frequency element to the scattered spectrum only during
times for which the velocities in any particular direction re-
main strongly correlated. Thus, for evaluating the part of
the return signal that contains the frequency information, it
would seem that the relevant time scale associated with the
turbulence is the Lagrangian time microscale, \t, which is the
decorrelation time for directed motion.

Over such short time intervals, the displacement of a fluid
particle from its initial position will be small. In addition,
the velocity statistics at the point XB are related directly (and
linearly in first approximation) to those at x^.12 To a reason-
able approximation, the displacements in the three coordinate
directions are independent, being determined only by the
velocity component in that direction.

A corresponding simplification, borne out by experiments,12

is that the displacement probability density is independent of
the direction of principal stress axes in the fluid. We thus
adopt a displacement model that is formally correct for homo-
geneous turbulent flows, but that also applies to shear flows
for the small time intervals and displacements of concern
herein.12 Thus,

Q(xB -XA- Y;r) ]-1/2 X

(19)

where the (dj2),j = 1,2,3, are the mean-squared displacements,
and Vj is the jih component of mean velocity, which accounts
for the gross convection of fluid elements in the absence of
fluctuations. In this form, the displacements result from all
effects other than mean-velocity convection.

Scalar-Element Displacement Model

The fluid-element displacements dj are fundamental mea-
sures of the convective-diffusive nature of the turbulent
medium. We recall at this point that Eqs. (16-19) are con-
cerned with the motion of fluid elements that are tagged in
some sense. If the tagging is just the motion itself, then the
displacement model is properly based on turbulent convection
only. However, our concern here lies with the space-time
structure of the electron density fluctuations. Thus, we
interpret the <5/s as displacements of electron-density ele-
ments which are not only subject to convection by the veloc-
ity field, but also undergo displacement as a result of molecu-
lar diffusion.

For the small diffusion times of interest here, we adopt a
linear scalar displacement model, i.e., the total displacement
is the sum of the displacements resulting from convection and
diffusion12-13

where ft, is the jih component of Lagrangian velocity. The
symmetry about T — 0 is a formal requirement, since (dj2) is
always positive.

We note that, according to Eq. (18), the displacement given
by Eq. (20) corresponds to fluid elements that were at the
point XA + Y at time t and have undergone a displacement dj
in the interval r. Since the times are small, we can thus set
Vj equal to the Eulerian velocity component Uj at XA + Y, i.e.,

(Vj2) « (Uj2(xA + Y)} = Uj2(xA + Y) (21)

where the hab denotes rms value.

Application to Electron Density Fluctuations

We now apply the foregoing to the specific case of electron
density fluctuations, for which A = B = ne. Defining the
spatial autocorrelation Re as

and combining this with Eqs. (18) and (19), one has

Jfte(x)

(2'

exp < - - Z W - Xj - Yj - Vj(x + V)r]2/(dj2)}> (23)

= TO«(X) / • <

(27r)3/2 J - X

V)|

where
= Uj2(x + Y)r2 + 2De(x + Y)|r| (24)

as a proposed general form for the space-time autocorrelation
function of scalar quantities.

In conclusion of this section, there is one point to be noted.
The space-time autocorrelation function given in Eq. (23) is
based on convective-diffusive flow models appropriate to
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small values of the displacement time r. On the other hand,
it is clear from Eq. (9) that the spectrum function S(co) con-
sists of contributions from the space-time autocorrelation
function for all values of r from minus infinity to plus infinity.
This apparent mismatch is only of a formal nature, however,
since the contributions have a relatively abrupt, Gaussian-
like cutoff for the times r which lie beyond the domain of
validity of the short-time model. Combination of a long-
time displacement model, whereby (5/2) oc t, with the present
model would not affect the final results to any significant
degree. Favre's data11 are strong support for the adequacy
of the short-time model used herein.

4. Synthesis of Relations

The foregoing developments will now be combined in order
to arrive at the theoretical relations for the scattered power
spectrum function and its moments. Substitution of Eq.
(23) into Eq. (10) yields6

Q(r) = (A(t + T)A*(0> = fv ne(x)d^x f °° ft.(z + Y)fi. X
J V J — oo

exp UK- (Y + Vr) - ^ r22(KA-)5 - De.K2|rM

(25)

for the smoothed autocorrelation function of the turbulent
electric field component.

As a temporary convenience in writing the moment rela-
tions, let us define the integral operator S as

= f he(x)d*x f O T n
J V J — co

(26)

Comparing this with Eq. (25) , one sees that S operates on the
time-dependent part of the integrand. It follows from Eq.
(9) that the scattered power spectrum function is given by

X

(27)

S(w) = -S f°° cos[(co -K-V)r]
7T »/ 0

exp |- - r2 2 (£/fly)2 - DeK*r]dr 1
L 2 y = 1 J

in its most general form, according to the present model.

Neglect of Molecular Diffusivity De

From the form of the integrand in Eq. (27), it is highly de-
sirable to neglect the molecular diffusivity term in the ex-
ponent so as to simplify the moment relations. Clearly, the
effect of D9 can be neglected when the exponential fall-off is
dominated by the quadratic term, i.e., when

For order-of-magnitude considerations, let us assume an iso-
tropic turbulence, for which Ui = $2 = UB = u, as well as the
case of backscattering, whereby K = 47r/Xfi, where \R is the
radar wavelength. Then Eq. (28) becomes

(29)\R/L ,
where v = kinematic viscosity of the fluid, \Q and Lf are the
Taylor microscale and integral scale of the turbulence, and
R\ ^ u\g/v — turbulent Reynolds number. Now using
Batchelor's and Taylor's relations for the dissipation rate14'15

$ « W/Lf and $ = I5v(u/\gy (30)

respectively, to write \g/L/ in terms of R\, Eq. (29) becomes

ft « (270/flx2)(Z>eL/AA*) « 1 (31)
According to this criterion, there is no general justification

for neglecting the effect of electron molecular diffusivity on

the scattered power spectrum function. In the relatively
near-wake region behind bodies in hypersonic flight, the elec-
tron diffusion is ambipolar, and De is not greater than v by
more than a factor of about 4. Since \R is of the order of
L/, and R\ is expected to be >100, the criterion ft <sc 1 is
satisfied in these situations. In other cases, such as free dif-
fusion of electrons resulting from relatively high negative ion
concentrations, De can be ^>> v, so that ft <c 1 requires very
large R\ and/or Lf <<c \R.

For the purposes of this paper, it is assumed that ft <3C 1.
Therefore, to the relations to be presented subsequently, we
attach the caveat that their use, in any given situation (other
than our application to near-wake flows), be justified by careful
evaluation of the criterion, Eq. (28).

Relations for the Case of Negligible Diffusivity

Setting De = 0 and evaluating the integral in Eq. (27)
yields

exp -

(32)

as a generalized form of the scattered power spectrum func-
tion. The frequency dependence is Gaussian, but weighted
by the velocity and electron density fluctuations, and mean
velocity distributions.

Evaluation of the moments from Eq. (32) is straightfor-
ward. One obtains

M0 = §>
Ml = SK-V

M2 = S[6 + (K-V)2

where

(33)

(34)

(35)

(36)

as generalized relations for the zeroth, first, and second spec-
trum function moments neglecting molecular diffusivity
effects.

Approximate Expressions

The moment relations given above are tedious evaluate for
most situations of interest. In order to simplify these equa-
tions, we note that both V and 6 are functions only of the posi-
tion vector x + Y. Hence, recalling the definition of the
integral operator S, Eq. (29) all terms in Eqs. (33-36) are of
the form

G = f he(x)d*x f 0 0 ^(x + Y)Ee(Y;x)exp(;K-Y)d3Y (37)
J V J — oo

where F denotes a general function of V and u3- (or 6) as de-
termined from Eqs. (33-36). Recognizing that, apart from
F, the integral over Y in Eq. (37) is just the spectrum function
of the electron density fluctuations evaluated at K, i.e.,

- f
J —

(38)

it is clear that a great deal of work would be saved if one could
write

G (39)

Approximate conditions under which Eq. (39) is valid are
established in Ref. 6. Under the assumption that Re has a
Gaussian form

= exp[-(F/X«)2] (40)
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corresponding to an isotropic turbulence, Eq. (39) is valid if

M [(\e/F) (dF/dsy) ]x « 1 (41)

for all j.
No statement can be made regarding how well Eq. (41) is

satisfied in general; each flow configuration must be examined
separately. Since our interest lies mainly in applying the
present theory to wake flows, we consider the case of back-
scattering from wakes at small aspect angles. In this case,
the scattering vector K is directed along, or nearly so, the
wake axis. Then K2 = K$ « 0, and, with |K| = 47r/X#, Eq.
(41) is

27r(\e/\R) [(\e/F) (&F/&Xi) ]X « 1 (42)

where Xi is in the axis direction. Now the decorrelation dis-
tance of the electron density fluctuations is of the order of the
mean wake radius. Over this distance, the fractional change
of V, ne, and u\ in the axial direction, at any position within
the wake, is extremely small. Hence, the fractional change
in F is correspondingly minute, and Eq. (42) is satisfied for
any realistic values of \e/\R.

In light of these considerations, we assume in what follows
that Eq. (42) is satisfied, i.e., that Eq. (39) is a valid approxi-
mation to Eq. (37). Therefore, the operator §> defined in Eq.
(26) is, for all subsequent relations

= fvne*(x)Se(K;x)d*x (43)

Consistent with this, V and b are functions only of the position
vector x. Therefore, reverting to the full notation

Mo = fv ne*(x)Se(K;x)d*x (44)
Ml = fv ne*(x)Se(K;x) {K-V(x)}d*x (45)

[K (46)

If V and Uj are constant throughout the scattering volume,
one obtains

and Aco2 = (47)

for the mean frequency shift and frequency variance. This
result confirms directly our earlier intuitive feeling about the
connection between Doppler observables and the velocity
field.

5. Application of Theory to Wake Flows

The foregoing theoretical developments are applied in this
section to scattering from axisymmetric, cylindrical plasmas
that have relatively slow variations in velocity and electron
density statistics in the axial direction. To a first approxi-
mation, this is the situation obtaining in hypersonic wake
flows.

Geometrical Considerations

The geometry of the scattering vectors is shown in Fig. 1.
Since the flow is axisymmetric, one can always define a plane
of incidence that contains the vehicle velocity vector, ]iUm,
and the incident-wave propagation vector, k;. This is the
Xifa plane. The scattered-wave vector, ks, lies in a plane at
angle 4> to the plane of incidence; a and 7 denote the angles
of the incident and scattered-wave vectors with respect to the
vehicle velocity vector. In terms of these angles, one has

cosa) + j2

J3(cos0 sin 7 + sine*)] (48)

where the }n are unit vectors in the (fixed) Xi, x2, and £3 direc-
tion. Angle a is the aspect, or look, angle. Note that for
backscattering, 7 = a and $ = 0.

We consider in this paper only in-plane scattering, with
<£ = 0. Thus, for present purposes, there is no component of
K out of the incidence plane, i.e., K2 = 0. It follows that the
magnitude of K is

\K\~K = k { 2 [ l (49)

The mean velocity is assumed to be purely axial, which in
the present coordinate system moving with the body is

V = MU - Um) = -ji(tf» -Uf+ AZ7) (50)
where AC/ is the mean wake velocity defect relative to the
front velocity U/. Using Eq. (48), then, one has

K-V = &(cos7 + coscO(tf«> - Uf + AU) (51)
in general. For the present cylindrical geometry, a volume
element is

dsx = rdrdddx (52)

where 6 is the elevation angle of d*x with respect to the plane
of incidence.

In the case of axial symmetry, the appropriate rms velocity
fluctuation components are in the axial, radial, and tangential
directions, which are denoted by ux, ur, and UQ, respectively.
The Cartesian x3 component is

Uz = ur cos# — UQ (53)
ux, ur, and UQ are functions only of x and r by assumption.
Defining the angle functions

gs = sin7 + sine* gc = cos7 + COSCK (54)

and using Eq. (48) one has

)* = W{(gcuxy + [gs(ur cosfl - UQ sin0)]2} (55)

As a reasonably accurate description of the turbulent prop-
erty distributions throughout the scattering volume, we make
the assumption that the radial variations are locally similar.
For the similarity variable in the radial direction, 77, we use
the physical radius r divided by the mean wake radius, Rf,
whereby f

77 = r/Ef(x)
Thus, any variable z(x), say, can be written as

z(x) = z(x,r) = z»(x)[z(x,r)/zQ(x)] = z<>(x)f,('n) (56)
where ZQ is the value of z on the wake axis and fz is a dimen-
sionless function of 77 only. Integrals of the various fe's over
a wake cross section will thus represent form factors, which
will be evaluated later on.

Moment Relations for Wake Flows

We now proceed to evaluate Eqs. (45-47) for wake flows.
A simplifying assumption, which is made in order to arrive at
concrete results, is that the electron density spectrum func-
tion, Se, is constant over any cross section, but may be a func-
tion of axial distance x, i.e.,

= Se(K-x) (57)

The zeroth moment, given by Eq. (44) can thus be written
as

where

= 27T (58)

(59)

f Rf is defined as the (physical) radius at which equal prob-
ability of turbulent and nonturbulent flow obtains, i.e., the radius
at which the intermittency factor = |.
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The length L represents the axial extent of the scattering
volume over which we are performing the integration. For
our purposes, L is arbitrary, and can be made small enough so
that the quantities ne^ Rf, etc. are approximately constant.
Hence, denoting the integral of fe by Je

/» oo
= Jo f' (60)

Eq. (58) becomes

where ^-dependence has been suppressed.
Similar treatment can be given to Eqs. (45) and (46) for Mi

and M2. With the following definitions

fu(rj) =

fq(rj) =

(62)

Jq =

where q = x, r, and 6, one obtains for the mean frequency shift
and frequency variance given by Eqs. (15) and (13) 6

(w/AO = [Um - Uf + (Ji/Je)AUQ](cosa + COST) (63)

X

(COSQ5 + COS7)2 + -
i/a
2"U

Je sinT)2 (64)

From Eq. (63), the mean frequency shift consists of two
terms, one term, <* Um — Uf) representing a pure translation
of the turbulent core at the local front velocity, and the other
term, <* At/o, representing the weighted translation of the
turbulent fluid itself. The frequency variance is seen to be
governed primarily by the velocity fluctuations, but also con-
tains a contribution from the mean-velocity field, which in
itself is a sort of large-scale fluctuation.

Radial Profiles

In order to arrive at numerical values of the mean frequency
shift and frequency standard deviation, we utilize the follow-
ing radial profile models for the turbulent wake properties.

Mean wake velocity

The radial profile used for the mean wake velocity is a
Gaussian distribution in physical coordinates:

(Uf - U)/(Uf - Uo) =
(65)

The form of Eq. (65) is based on results from low-speed,16

supersonic,17 and hypersonic18 wake experiments. Further
support for this mean-velocity distribution is obtained from
data on heated jets,19'20 for which the corresponding incom-
pressible mean-velocity profile is also Gaussian or very nearly
so.21 (Replotting the data of Ref. 20 in physical coordinates
gives as good a fit to a Gaussian curve as the data plotted as
a function of the "compressible" radial coordinate, if not a
slightly better fit.)

Electron density fluctuation

The transverse distribution of passive scalar fluctuations in
free turbulent flows22'23 contains an off-axis peak resulting
from local production, and is accurately described by the
form

The parameter Ke is basically the electron density turbulent
Schmidt number, which is defined as the width of the mean
electron density profile compared to the mean velocity profile,
i.e./

ne(x,r)/neo(x) = (67)

Strictly speaking, the mean electron concentration, or mass
fraction, should appear in Eq. (67) rather than the electron
density, since both theory21 and experiments19 indicate that
the concentration has a self-preserving distribution. How-
ever, as shown in Ref. 24, an equivalent Ke can be defined for
a Gaussian distribution of electron density, which gives a
reasonably accurate profile if one accounts properly for the
radial variation in gas density.

Velocity fluctuations

Data on the three rms velocity components in fully-de-
veloped turbulent wakes is limited to incompressible flows.16

The components HI and t£3 have an off-axis peak, probably as
a result of Ui production and energy transfer from the HI to
the Us component, whereas $2 seems to have a more nearly
Gaussian distribution, which may reflect the boundary (wake-
edge) constraints in the transverse direction. To account for
these distributions, the form

uq/uqQ = (68)
is adopted, where q may be x, r, or 6.

As with the electron density distribution, the parameter Kq
is a turbulent component kinetic-energy number, which ac-
counts for the distribution of uq being wider or narrower than
the mean-velocity profile. Also, the parameter bq determines
the peak amplitude and position of the uq profile.

The profile models given by Eqs. (65), (66), and (68) are a
parametric representation of the wake turbulence structure
based on available experimental data. The hope is, of course,
that these parameters are "universal," or nearly so, and that
their values can be obtained from existing data within ac-
ceptable bounds. This seems to be the case for the velocity
distribution parameters a*, bx, and KX, and to a lesser extent
for 6r, be, KT, and Ke. On the other hand, the electrons can
undergo complex chemistry in wakes,25 which could affect the
values of be and Ke, making these parameters vary as functions
of # in a nonnegligible manner. Much work remains to be
done in this area. The sensitivity of mean frequency shift
and frequency standard deviation to these parameters will be
seen shortly.

Radial Profile Integrals

Using the foregoing profile models, one can obtain explicit
relations for the profile integrals and their ratios. To this
end, we define the following quantities.

Fl = 1 + Be/Ke (1 + Be/2Ke) (69a)

^ 2 = 1 + 2B2/(l + 2Ke)[l + Be(l + 2Ke)] (69b)

Ft = 1+ Be/(I + Ke)[l + (Be/2)/(I + Ke)} (69c)

BeB0 3/2 (B.
K. + K,\

Bg

The integral ratios can thus be written as

Jt/J. = k/(l + *.
he(x,r)/heo(x) = = /*1/2 (66)

(69d)

(70a)

(70b)
(70c)
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FOR np - PEAK ON AXIS

0 2 4 6 8

RATIO OF PROFILE PARAMETERS Be = be /a*

Fig. 2 Range rate parameter vs amplitude parameter of
the electron density fluctuation profile. Case for back-
scattering. The values of electron turbulent Schmidt
number Ke encompass the range as given in the appendix of

Ref. 6.

6. Results for Backscattering

To illustrate the preceding theoretical developments, we
consider the case of backscattering at small aspect angles.
For this situation, we have y = a (see Fig. 1). We restrict
the results to aspect angles that are small enough to allow
neglect of the second term on the right in Eq. (64), i.e.,

An upper bound on a for these results would thus be in the
neighborhood of 30°.

Since the left-hand sides of Eqs. (63) and (64) have the
dimensions of velocity and velocity squared, it is common
practice to use the appellations range rate, or mean-wake
velocity, associated with the mean frequency shift, and veloc-
ity standard deviation, or velocity spread, associated with the
(square root of) frequency variance. By analogy with Eq.
(47), the magnitude of the scattering vector, K, is used as the
inverse length scale. Hence, we have the following defini-
tions

range rate R = u/K = co/2k

velocity standard deviation av = Aco/2/b

(71)

where the denominator 2k = |K| by Eq. (49) for backscatter-
ing. Equations (63) and (64) can thus be written as, using
Eq. (70),

R/cosa = Um - Uf (72)

(73)

for backscattering at small aspect angles.

Range Rate R

The range rate expression is presented in a general form by
defining a range rate parameter

[R/cosa - (Um - *7/)]/Atfo

which is a function only of the electron turbulent Schmidt
number KC and amplitude parameter Be = be/a*. This is
shown in Fig. 2.

The behavior exhibited in Fig. 2 can be understood by con-
sidering the weighting of the mean velocity field by the elec-
tron fluctuation profile. Consider a fixed value of KS, along

with a fixed mean-velocity (defect) profile, i.e., a* = con-
stant. The weighting now occurs only through the radial
distribution of he. For be < Ke, the ne profile has its peak on
the axis, which is clearly a weighting of the high velocity-
defect region near the axis; the maximum possible weighting
occurs for be = 0. As the ne peak moves off the axis, lower
velocity-defect regions are increasingly emphasized by the
broader electron fluctuation profile. This emphasis of lower
velocity-defect regions is limited, o_f course, by the At7 pro-
file itself (we are integrating ne

2AU), i.e., when Be > 2, the
ne peak occurs at radii for which AZ7 -*• 0. For Be » 1, both
FI and Fz are proportional to Be

2 as a result of the increasing
amplitude of the ne profile.

Instead of using the total wake velocity defect, AC70, one
can normalize the range rate by the area-average velocity
defect, Uf — Ua, where

Ua * Urdr (74)

is the mean velocity averaged over a wake cross section. Us-
ing Eq. (65) one has

Uf - Ua = At/o/a* (75)

where a term exp (—a*) has been neglected compared to
unity. Accordingly, a modified range rate parameter is de-
fined as

[R/Gosa - (Um - Uf)]/(Uf - U)

This is shown in Fig. 3 as a function of a* for various values
of the parameter Be. The data area indicated in the figure,
along with the value /ce = 1 used to calculate the curves, is
discussed in the Appendix of Ref. 6.

From the figure, a reasonable approximate value for the
modified range rate parameter is seen to be unity, or,

— Ua (76)

In other words, the mean frequency shift is, to a first approxi-
mation, a direct measure of the area-averaged mean wake
velocity.

Velocity Standard Deviation crv

Since Fig. 2 gives a complete picture of values for the range
rate parameter, we present results for the velocity standard
deviation as a ratio of av/eos<x to the reduced range rate

* ~£A

APPROXIMATE
REGION OF DATA

\ £-*./ / ,2

ELECTRON TURBULENT

SCHMIDT NUMBER K = 1

0 1 2 3 4

MEAN VELOCITY PROFILE PARAMETER Q*

Fig. 3 Modified range rate vs mean-velocity profile para-
meters for baekscattering. The velocity Ua is a cross-
section averaged value. Parameter values delineating

the data region are given in the appendix of Ref. 6.
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ELECTRON TURBULENT /
SCHMIDT NUMBER K^5

RATIO OF CENTERLINE RMS
TO MEAN VELOCITY DEFECT UXO/AU0

Fig. 4 Ratio of velocity standard deviation (S.D.) to
"reduced" range rate as a function of rms fluctuation-to-
mean velocity ratio; values of the profile parameters used

in the plot are discussed in the appendix of Ref. 6.

R/cosa - (Um - Uf). From Eqs. (72) and (73) one has

= 1 + 2Ke f FiFj/K. _

R/cosa - (Ua - Uf)

\
Jl + 2K

This is presented in Fig. 4 for the value of Ke = 0.5 and 1.0,
along with Be = 0 and Bx; the data band in the figure corre-
sponds to experimental data on tixo/AU0, as discussed in the
Appendix of Ref. 6.

Although there is a somewhat larger range of values for this
ratio compared to the modified range rate parameter, a repre-
sentative value is seen to be about unity within the given data
band. Therefore, as a first approximation, we take

or, using Eq. (76),

crv/cosa

— (Um — Uf)

.— Ua

It follows that

av/R « (Uf -

(78)

(79)
for backscattering at small aspect angles.

The physical basis for Eq. (78) is that the frequency spread
about the peak is governed mainly by the velocity fluctu-
ations; these in turn are driven by the local difference in mean
velocity across the turbulent zone. Finally, we note that the
ratio av/R given by Eq. (79) is less than unity in the near-
wake region by an amount that depends upon the difference
between Um and Uf.
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